Abstract. In this paper we prove that stable, compact without boundary, oriented, constant mean curvature surfaces in the de Sitter-Schwarzschild and Reissner-Nordstrom manifolds are the slices, provided its mean curvature satisfies some lower bound. More generally, we prove that stable, compact without boundary, oriented, constant mean curvature surfaces in a large class of three dimensional warped product manifolds are embedded topological spheres, provided the mean curvature satisfies a lower bound depending only on the ambient curvatures. We conclude the paper proving that a stable, compact without boundary, constant mean curvature surface in a general Riemannian is a topological sphere provided its mean curvature has a lower bound depending only on the scalar curvature of the ambient space and the squared norm of the mean curvature vector field of the immersion of the ambient space in some Euclidean space.
Here, Ric M (N, N ) denotes the Ricci tensor of M in the direction of the unitary vector field N, normal to Σ, ∆ Σ f denotes the Laplacian of f over Σ, and A 2 denotes the squared norm of the second fundamental form of Σ. We refer to [7] for a detailed discussion of the subject.
Since the metrics of the space forms of constant sectional curvature c ∈ R can be written in polar coordinates as ·, · = dt 2 + h(t) 2 dω 2 , where
and dω 2 denotes the canonical metric of the 2-dimensional round sphere S 2 , then is natural to ask if we can classify the compact, without boundary, stable constant mean curvature surfaces in the more general class of three-dimensional Riemannian manifolds M 3 = I × S 2 , where I = (0, b)
or I = (0, ∞), with the metric
with a more general smooth function h : I → R. With the metric (1.2), the product M 3 = I × S 2 is called a warped product manifold. These manifolds were first introduced by Bishop and O' Neill in 1969, see [11] , and is having increasing importance due to its applications as model spaces in general relativity. Part of these applications comes from the metrics which are solutions of the Einstein equations, as the de Sitter-Schwarzschild metric and Reissner-Nordstrom metric, which we introduce below. Remark 1.1. Since the warped product manifold is smooth at t = 0 if, and only if, h(0) = 0, h (0) = 1, and all the even order derivatives are zero at t = 0, i.e., h (2k) (0) = 0, k > 0, see [19] , Proposition 1, p. 13, we can see the de Sitter-Schwarzschild manifolds and the ReissnerNordstrom manifolds are singular at t = 0.
In [12] , Brendle proved that the only compact, embedded, constant mean curvature hypersurfaces of a wide class of n-dimensional warped product manifolds, including the de SitterSchwarzschild and Reissner-Nordstrom manifolds are the slices {r 0 } × S n−1 . This inspire us to ask if we can replace the assumption of embeddedness by stability and obtain the same kind of result. This is reinforced by the fact that slices are stable in these spaces, see Proposition 2.3, p. 10. For dimension 2, this is the subject of the next theorems. 
, and
then Σ is a slice. . In fact the slices satisfy the hypothesis of Theorem 1.1 and Theorem 1.2 when the mean curvature H(r) of the slice {r}×S 2 is a decreasing function of r. We prove this fact in a more general setting in the Remark 2.2, p. 12. In a more general setting, the warped product manifold M 3 = I × S 2 with metric (1.2) has two different sectional curvatures, called tangential and radial curvatures, respectively:
where ∇t is the radial direction in polar coordinates and X, Y ∈ T M satisfy X, Y ⊥ ∇t.
In recent years, immersions in warped product manifolds has been extensively studied, see for example, [16] , [2] , [23] , [15] , [8] , [12] , [9] , [5] , [4] , [3] and [17] .
In 2013, S. Brendle, see [12] , proved that, if M n is a n-dimensional warped product manifold whose sectional curvatures satisfy the inequality
then every compact, without boundary, embedded, constant mean curvature hypersurface of M are umbilic. Under some additional conditions on M , he proved that these surfaces must be a slice or a geodesic sphere. This condition seems to be necessary since, when the condition fails, there are small constant mean curvature spheres which are not umbilic (see Theorem 1.5, p. 250 of [12] ).
On the other hand, as we can see in Proposition 2.3, p. 10, the slices are stable if and only if such that, for every t ∈ I, K tan (t) > 0 and
If Σ is a compact, without boundary, stable, constant mean curvature H surface of M 3 , then then genus(Σ) = 0 and Σ is embedded. Remark 1.4. As a particular cases of Theorem 1.3 we obtain the results of Souam, see [24] , in S 2 × R and the result of Barbosa, do Carmo and Eschenburg, see [6] , for S 3 . In fact in S 2 × R we have K tan (t) = 1 and K rad (t) = 0, and in S 3 we have K tan (t) = K rad (t) = 1. The results then follow by using the Abresch-Rosenberg Hopf type theorem, see [1] , for S 2 × R and the classical Hopf theorem for S 3 .
If M 3 is a warped product manifold whose sectional curvatures K tan (t) and K rad (t) do not satisfy the hypothesis of Theorem 1.3, we can obtain the same conclusion of such theorem if the mean curvature of the stable surface satisfies some lower bound depending only on M 3 : Theorem 1.4. Let M 3 = I × S 2 be a warped product manifold with metric ·, · = dt 2 + h(t) 2 dω 2 such that, for every t ∈ I,
There exists a constant c 0 = c 0 (M ) > 0, depending only on M, such that, if Σ is a compact, without boundary, stable, constant mean curvature surface H of M 3 , and
then genus(Σ) = 0 and Σ is embedded.
By the embeddedness of the stable surfaces proved in Theorem 1.3 and Theorem 1.4 and by using the results of Brendle in [12] , we obtain the next corollary:
There exists a constant c 0 = c 0 (M ) ≥ 0, depending only on M, such that, if Σ is a compact, without boundary, stable, constant mean curvature surface H of M 3 , and H 2 > c 0 , then Σ is umbilic. Moreover,
for all t ∈ I and K tan (t) = K rad (t), then Σ is a geodesic sphere centered in the origin. Remark 1.5. As far as we know, there are few results about stability of surfaces or hypersurfaces in warped product manifolds. We can cite, as examples, [17] for stability of compact, without boundary, constant mean curvature hypersurfaces, and [2] and [9] for stability of minimal submanifolds in warped product manifolds. Remark 1.6. As pointed out in the Appendix of [7] , the stability problem is closed related with the isoperimetric problem, i.e., to find the surfaces with least area bounding a domain of given volume. Such surfaces are stable if they are smooth. For the space forms, the geodesic spheres are the solutions of the isoperimetric problem. In [10] , Bray and Morgan proved that the slices are uniquely minimizing among all the surfaces enclosing the horizon {s 0 } × S 2 for a class of warped manifolds, including the Schwarzschild manifold. The same result are true, see [13] , for a class of warped product manifolds which includes the de Sitter-Schwarzschild manifold and
Reissner-Nordstrom manifold. On the other hand, in [20] , Ritoré has constructed examples of warped product surfaces such that there are no solutions of the isoperimetric problem for any volume.
We conclude the paper with a theorem for compact, without boundary, stable, constant mean curvature surfaces in general three-dimensional Riemannian manifolds which we know the second fundamental form of its immersion in some R n . Theorem 1.5. Let M 3 be a three-dimensional Riemannian manifold and Σ be a compact, without boundary, stable, constant mean curvature H surface of M 3 . Let scal M be the normalized scalar curvature of M and H be the normalized mean curvature vector of M 3 in R n , n ≥ 4. If
then genus(Σ) = 0.
In particular, we have Corollary 1.2. Let M 3 be a three-dimensional Riemannian manifold which can be minimally immersed in some R n and Σ be a compact, without boundary, stable, constant mean curvature
Remark 1.7. The results above can be compared, for example, with the following result of K.
Frensel, see [14] : Let Σ be a compact, without boundary, stable, constant mean curvature H surface of a three-dimensional manifold M 3 . If
This paper is organized as follows. In Section 2 we prove Theorem 1.1 and Theorem 1.2. In Section 3, we discuss the relation between harmonic vector fields and stability. In Section 4 we prove Theorems 1.3 and Theorem 1.4. We conclude the paper in Section 5 proving Theorem 1.5.
Proof of Theorem 1.1 and Theorem 1.2
We start with the following Lemma, whose proof can be found in [18] , p. 210, Proposition 42:
Lemma 2.1. Let M 3 = I × S 2 be a warped product manifold with the warped metric ·, · = dt 2 + h(t) 2 dω 2 , where dω 2 is the canonical metric of the round sphere S 2 and h : I → R is the smooth warping function. Denote by R the curvature tensor of (M 3 , ·, · ). Then, for
where ∇ is the connection of M 3 and R S 2 is the curvature tensor of S 2 .
In the next proposition we will state a more suitable expression for the curvature tensor R.
Proposition 2.1. Let M 3 = I × S 2 be a warped product manifold with the warped metric ·, · = dt 2 + h(t) 2 dω 2 , where dω 2 is the canonical metric of the round sphere S 2 and h : I → R is the smooth warping function. Denote by R the curvature tensor of (M 3 , ·, · ). Then for
On the other hand, since
and analogously for X 0 , Z 0 and Y 0 , Z 0 , we have
The result then follows.
Corollary 2.1. Let M 3 = I × S 2 be a warped product manifold with the warped metric ·, · = dt 2 + h(t) 2 dω 2 , where dω 2 is the canonical metric of the round sphere S 2 and h : I → R is the smooth warping function. Let Σ be a surface of M 3 with unit normal vector field N. Then
where ν = N, ∂ t .
We will also need the following result: 
and the equality holds if, and only if, Σ is a totally umbilic sphere. Furthermore, if Σ is not embedded, then
The proof of the next Lemma is essentially in [21] . See also [14] , [22] and [24] . We give a proof here for the sake of completeness.
Lemma 2.2. Let Σ be a compact, without boundary, stable, constant mean curvature H surface of a simply connected conformally flat Riemannian three-dimensional manifold M. Let g = genus(Σ). If g = 2k or g = 2k + 1, then
Proof. By the Brill-Noether theory there exists a meromorphic map φ :
where [x] is the greatest integer less or equal to x. Composing φ with a conformal diffeomorphism of S 2 we can suppose thatˆΣ
This implies, by using the Gauss-Bonnet theorem,
since φ 2 = 1. Using estimate (2.6), we obtain
This implies, by using (2.2),
or if Σ is not embedded, by using (2.3),
As we discussed in the introduction, the slices are the natural candidates to be the compact, without boundary, stable, constant mean curvature H surfaces in the warped product manifolds.
However, in the next proposition we prove that the slices are stable if, and only if,
Proposition 2.3. The slice Σ = {t} × S 2 is stable if, and only if, K tan (t) ≥ K rad (t).
Proof. Let f : Σ → R be an smooth function satisfyingˆΣ f dΣ = 0. The first eigenvalue of the Laplacian in the slice Σ 2 = {t} × S 2 is
where
is constant in the slice. Applying the data above in (1.1), using that the slice is umbilical, i.e., A 2 = 2H 2 , ν = N, ∂ t = −1 in the slices, and the Rayleigh characterization of λ ∆ 1 , we have
by taking f as the first eigenfunction, we have
Therefore Σ is unstable.
Remark 2.1. Proposition 2.3 holds for every dimension with the same proof, just adapting the dimension.
Now we state the main step in the proof of Theorem 1.1 and Theorem 1.2:
where h : I → R is the smooth warping function. Let Σ be a compact, without boundary, stable, constant mean curvature H surface of M 3 . If one of the following conditions is satisfied
and
(ii) K rad (t) ≥ K tan (t), and
then genus(Σ) ≤ 1 and Σ is embedded.
Thus, by using (2.4),
This implies that k = 0 or k = 1. If k = 1, i.e., genus(Σ) = 2 or genus(Σ) = 3, then
and all the inequalities become equalities. This implies, using Proposition 2.2, that
and Σ is an umbilical sphere. This is a contradiction with the assumption that genus(Σ) = 2 or genus(Σ) = 3. Thus genus(Σ) ≤ 1. On than other hand, if Σ is not embedded, then by using
Once again, this proves that Σ is an umbilical sphere. This is a contradiction since we are assuming that Σ is not embedded. Thus Σ is embedded. This proves items (i) and (ii) of Theorem 2.1.
Remark 2.2. The slices satisfy the hypothesis of Theorem 2.1 (i) if, and only if,
i.e., if, and only if, the mean curvature
h(t) of the slice {t} × S 2 is a non-increasing function of t. In fact, we need to prove that
This is equivalent to
On the other hand d dt
The claim then follows. Now let us prove Theorem 1.1 and Theorem 1.2.
Proof of Theorem 1.1. Since
we have K tan (t) > K rad (t). Thus applying Theorem 2.1 (i), if Σ ⊂ [r 0 , s 1 ) × S 2 ⊂ M 3 , and [12] , the only compact, embedded, constant mean curvature surfaces of the de Sitter-Schwarzschild manifold are the slices.
Proof of Theorem 1.2. Since
we have K tan (t) > K rad (t) [12] , the only compact, embedded, constant mean curvature surfaces of the Reissner-Nordstrom manifold are the slices.
Stability and harmonic vector fields
Let Σ be an orientable Riemannian surface and denote by H 1 (Σ, R) the space of harmonic 1-forms on Σ. Recall that a 1-form ω on Σ is harmonic if, and only if, it is closed, i.e., (∇ω)(X, Y ) = (∇ω)(Y, X) for all X, Y ∈ T Σ, and co-closed, i.e., (∇ω)(e 1 , e 1 )+(∇ω)(e 2 , e 2 ) = 0, where
is an orthonormal frame of T Σ. The following result will be useful and its proof can be found in [19] , pp. 204-206:
Lemma 3.1. Let Σ be a compact Riemannian surface, ω be a 1-form on Σ and X : Σ → T Σ be its dual vector field, i.e., ω(U ) = X, U , for all U ∈ T Σ. Then ω is harmonic if, and only if,
In this case we call X a harmonic vector field.
Let X be a harmonic vector field on Σ and f : Σ → R be a smooth function. Since div(f X) = f div X + X, ∇f = X, ∇f , if Σ is compact, then by using divergence theorem we havê
Thus, defining u : Σ → R by u = X, ∇f we have that u is a mean zero function.
Since Σ has dimension 2, we can consider the complex structure J on Σ which satisfies
where Id is the identity map of T Σ,
The following lemma is well known and we give a proof here for the sake of completeness. It gives us another harmonic vector field:
Lemma 3.2. Let Σ be a Riemannian surface and X be a harmonic vector field. Then JX is also a harmonic vector field, where J is the complex structure of Σ.
Proof. Let {e 1 , e 2 } be an orthonormal frame in Σ which is geodesic at p ∈ Σ. Since J is the complex structure, we have Je 1 = e 2 and Je 2 = −e 1 . This implies div JX = ∇ e 1 JX, e 1 + ∇ e 2 JX, e 2 = e 1 JX, e 1 + e 2 JX, e 2 = −e 1 X, Je 1 − e 2 X, Je 2 = −e 1 X, e 2 + e 2 X, e 1 = − ∇ e 1 X, e 2 + ∇ e 2 X, e 1 = 0.
To prove that ∇ Y JX, Z = ∇ Y JX, Z , we need only prove that ∇ e 1 JX, e 2 = ∇ e 2 JX, e 1 and then use the linearity of the connection and the linearity of the inner product. Since div X = ∇ e 1 X, e 1 + ∇ e 2 X, e 2 = 0, we have ∇ e 1 JX, e 2 = e 1 JX, e 2 = −e 1 X, Je 2 = e 1 X, e 1 = ∇ e 1 X, e 1 = − ∇ e 2 X, e 2 = −e 2 X, e 2 = −e 2 X, Je 1 = e 2 JX, e 1 = ∇ e 2 JX, e 1 .
Therefore, by using Lemma 3.1 we conclude that JX is harmonic.
This implies that the space of harmonic vector fields is even dimensional. In fact, by using the de Rham cohomology theory (see, for example, [19] , p. 194), it can be proven that dim H 1 (Σ, R) = 2 genus(Σ).
The main strategy in the proof of Theorem 1.3, Theorem 1.4, and Theorem 1.5, is the following: We assume, by contraction, that genus(Σ) ≥ 1. This will give us two linearly independent harmonic vector fields (which we call X and JX) and, by using the geometric assumptions of these theorems we will obtain a contradiction, concluding that genus(Σ) = 0.
First let us fix some notations. We will denote by D the connection of R n , ∇ the connection of M 3 and ∇ the connection of Σ. Denote also by II α , α = 4, . . . , n, the second fundamental forms of M 3 in R n , and by II the second fundamental form of Σ in M 3 , with associated shape
Let E 1 , E 2 , . . . , E n the canonical basis of R n , u i = X, E i , where X is a harmonic field and u * i = JX, E i . Since E i are the gradient of the coordinate functions of R n , we have that
Given a smooth function f : Σ → R, let
the integrand of the Jacobi operator (1.1), where here N is the unitary normal vector field of Σ in M 3 . Let us denote by
The following Lemma will be useful in the proof of the main propositions of this section.
Lemma 3.3. Let Σ be a surface immersed in a three-dimensional Riemannian manifold M 3 and let A : T Σ → T Σ be the shape operator of Σ with mean curvature H. Then, for any vector field X of T Σ, we have
where K e = det A is the extrinsic curvature of Σ.
Proof. Let {e 1 , e 2 } be an orthonormal frame of eigenvectors of A. We have AX = λ 1 X, e 1 e 1 + λ 2 X, e 2 e 2 and thus 2H AX, X = (λ 1 + λ 2 ) λ 1 X, e 1 e 1 + λ 2 X, e 2 e 2 , X, e 1 e 1 + X, e 2 e 2
Now we state the first of the two main propositions of this section.
Proposition 3.1. Let M 3 be a three-dimensional Riemannian manifold which can be immersed into R n , n ≥ 4, and let Σ be a constant mean curvature H surface of M 3 . If e 1 , e 2 is an orthonormal frame of Σ which is geodesic at p ∈ Σ, then at p, we have
where scal M is the normalized scalar curvature of M and II α are the second fundamental form of M 3 in R n associated with each normal N α , α = 4, . . . , n.
Proof. Initially, let us calculate the Laplacian of u j . Since
we need to calculate D e i D e i X. Taking the first covariant derivative, we have
which implies, by taking the covariant derivative again,
AX, e i e i , AX = AX and
Now, let us calculate a more suitable expression for 2 i=1 ∇ e i ∇ e i X, X . Since X is harmonic, we have ∇ V X, e i = ∇ e i X, V for every V ∈ T Σ. By using that e 1 , e 2 is a geodesic frame, this
On the other hand, by the Bochner's formula,
where K is the Gaussian curvature of Σ. Thus
By using Lemma 3.3 in (3.2), we have
Since, by the Gauss Equation, K e = K − K(e 1 , e 2 ), where K(e 1 , e 2 ) is the sectional curvature
By using 4H 2 = A 2 + 2K e , we have
where K(e i , N ), i = 1, 2, is sectional curvature of M 3 in the plane spanned by e i and N.
Analogously,
Note that, since JX = X and JX, X = 0, i.e., X and JX is an orthogonal frame of Σ, we have
This implies 
Consider
where ω : R n → R n+1 given by ω = ω(θ) is the canonical immersion of the unit sphere S n in polar coordinates. Denoting by F t = ∂F ∂t and F i = ∂F ∂θ i , we have
where ω i = ∂ω ∂θ i . Since ω, ω i = 0, the first fundamental form of this immersion is
where dω 2 = n i=1 ω 2 i is the canonical metric of S n . Next let us find the second fundamental form of the immersion F.
Proof. Consider
be an orthonormal frame of L n+2 and α i , i = 0, 1, . . . , n + 1, its dual frame. Since
we have
Now let us calculate the second structure forms. We have
This implies
On the other hand,
Note that
and, by taking derivatives,
Since f (t) 2 = κK tan (t)h(t) 2 = |K tan (t)|h(t) 2 , we have
i.e.,
The main part of the proof of Theorem 1.3 and Theorem 1.4 are the following two propositions, which have their own interest. 
Proof. If Σ is a compact, without boundary, stable, constant mean curvature H surface such that genus(Σ) ≥ 1 then there exists at least two harmonic vector fields X and JX such that 0 ≤ −ˆΣ (Q(X, X) + Q(JX, JX)) dΣ.
If we prove that Q(X, X) + Q(JX, JX) ≥ 0 under the assumptions, this will imply that Q(X, X) + Q(JX, JX) = 0 and thus H = 0, which is a contradiction. This will give us there is no compact, without boundary, stable, constant mean curvature H surfaces with genus(Σ) ≥ 1 in M 3 , which implies that genus(Σ) = 0.
By the Gauss equation (considering e 3 = N ),
[II(e i , e i )II(e j , e j ) − II(e i , e j ) 2 ]
[(a e i , e i + εa e i , ξ e i , ξ )(a e j , e j + εa e j , ξ e j , ξ ) −(a e i , e j + εa e i , ξ e j , ξ )
[ e i , e i e j , e j − e i , e j 2 ] + εa
[ e i , e i e j , ξ 2 + e j , e j e i , ξ 2 − 2 e i , e j e i , ξ e j , ξ ]
On the other hand, by using that JX = X and X, JX = 0, i.e., X and JX is an orthogonal frame for Σ, we have
(a e i , X + εa e i , ξ X, ξ ) 2 + (a e i , JX + εa e i , ξ JX, ξ )
where ν = N, ξ . Thus,
In order to prove that Q(X, X) + Q(JX, JX) ≥ 0, we will find the values of ε such that the expression (4.1) is non-negative for every H > 0. This means that we need to find some conditions for ε such that
for all values of ν. Let
Let us prove that p 
Since we want p(y) ≥ 0 for every y ∈ [0, 1], we need y 1 ≤ 0 and y 2 ≥ 1. Observe that y 1 < 0 for every ε > 0. On the other hand,
On the other hand, if ε < 0 we can consider ε = −|ε|. In this case, the roots of p(y) are
Note that |ε| ≤ 5/4, i.e., ε ≥ −5/4 is the first restriction for ε < 0. We have
i.e., y 1 ≤ 0 for ε ≥ −1. On the other hand, 
ii) −2 ≤ ε < −1 and
Proof. In order to simplify the analysis, denote by H a = H/a. This implies by (4.1) that
Following the same idea of the previous proposition, we will find conditions such that (4.2) is non-negative. Let
If ε > 0, then p a (y) has the roots
Notice that y 1 < 0 for every ε > 0 and for every H a . On the other hand
Thus, if ε > 0, then (4.2) is positive for
If ε < 0, the roots of p a (y) are
First note that we need H 2 a ≥ |ε| − 
Proof of Theorem 1.3. Applying Corollary 4.1 (i) to the warped product manifold with the second fundamental form of Proposition 4.1, p. 19, by considering κ = 1, a(t) = |K tan (t)| and δ(t) = K rad (t) − K tan (t) we prove that genus(Σ) = 0.
In order to prove that Σ is embedded, we will prove that the hypothesis of Theorem 1.3 implies the hypothesis of Theorem 2.1, p. 11. If K rad (t) ≥ K tan (t) > 0, then Σ is embedded for all H > 0 by using Theorem 2.1 (ii). If K tan (t) ≥ K rad (t) ≥ 0 then we can apply Theorem 2.1 (i) to conclude that Σ is embedded for every H > 0.
Proof of Theorem 1.4. Applying Corollary 4.1 (ii), (iii) and (iv), to the warped product manifold with the second fundamental form of Proposition 4.1, p. 19, by considering κ = 1, a(t) = |K tan (t)| and δ(t) = K rad (t) − K tan (t) we prove that genus(Σ) = 0 for the following values of
In order to prove that Σ is embedded, we will prove that the hypothesis of Theorem 1.4, with the values of c 0 (M ) stated in the items (a) to (c) above, imply the hypothesis of Theorem 2.1, p. 11. We prove each case separately: (c) Since K tan (t) > 0 ≥ K rad (t), and
for −K rad (t) ≥ K tan (t) (indeed, (1/4)(x 2 + 4x − 1) > x for x > 1), we can see that c 0 (M ) ≥ sup Σ {−K rad (t)} and conclude by Theorem 2.1 (i) that Σ is embedded.
To conclude this section we give some examples of Riemannian three-dimensional manifolds which satisfies the hypothesis of Theorem 1.3 and Theorem 1.4. These examples show that the class of manifolds such that these theorems hold is as large as possible under the assumption that K tan (t) > 0. be the parametrization of a rotationally symmetric hypersurface of R 4 , where the profile curve is the graphic of the smooth function u : I → R and ω : R 2 → R 3 is the canonical parametrization Changing the variables by the equations (1 + u (s) 2 ) 1/2 ds = dt and u(s) = h(t), we can see that M 3 is a warped product manifold with warping function h : I → R. The sectional curvatures of these manifolds are K tan (t) = 1 u(s) 2 (1 + u (s) 2 ) and K rad (t) = − u (s) u(s)(1 + u (s) 2 ) 2 .
For these manifolds, K tan (t) > 0 everywhere and the sign of K rad (t) depends on the sign of u (s). Thus −b 2 ≤ K rad (t) K tan (t) < 0. Therefore, these manifolds satisfy the hypothesis of Theorem
1.4.
K rad (t) > 0 K rad (t) < 0 Figure 3 . Representation of the manifolds of Example 4.1.
Proof of Theorem 1.5
We conclude the paper with the proof of Theorem 1.5:
Proof of Theorem 1.5. Since X = X, e 1 e 1 + X, e 2 e 2 and analogously for JX, we have provided X and JX is an orthogonal frame of Σ and X, e j 2 + JX, e j 2 = e j 2 X 2 = X 2 .
By using the Gauss equation If Σ is a compact, without boundary, stable, constant mean curvature H surface such that genus(Σ) ≥ 1 then there exists at least two harmonic vector fields X and JX such that, under the hypothesis, 0 ≤ −ˆΣ (Q(X, X) + Q(JX, JX)) dΣ < 0, which gives a contradiction. Thus, there is no compact, without boundary, stable, constant mean curvature H surfaces with genus(Σ) ≥ 1 in M 3 under our hypothesis, which implies that genus(Σ) = 0.
